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Abstract: This paper develops a weighted additive model for certainty equivalents of binary 

gambles with a segregation form, in the sense that they are decomposition into sure gains and risky 

gambles. The effect of adding a sure gain to the preference for a risky gamble is considered to be 

evaluated by weight. First, a certainty equivalent of every gamble is decomposed into the addition 

of a sure gain and a conditional certainty equivalent. Second, two new conditions are provided to 

express the conditional certainty equivalent as a multiplicative form by weight.  
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1. Introduction 

In evaluating financial instruments such as stocks and insurance, people often partition them 

into risky and certain parts. This process of editing was conceptualized as segregation by 

Kahneman and Tversky (1979). Possibly, people’s estimation of the risky part may vary according 

to the magnitude of the sure part. To be more precise, let (a, C; b) with a, b ≥ 0 denote a gamble that 

pays a if a chance event C occurs and pays b otherwise, and let (a, C; b) ⊕ x denote the addition of 

a gamble (a, C; b) and a sure gain x. Here, the symbol ⊕ is used to distinguish this addition from 

the usual addition + for addition of two fixed amounts. If for each gamble g an amount of money y 

(a certainty equivalent) can be determined such that y is equivalent to g, then it is plausible to 

suppose that a decision maker has the following preferences: 

    (a, C; b) is equivalent to a sure gain z, while 

    (a, C; b) ⊕ x is either more or less preferred than the sum of z and x.  

These preferences are, in general, known as violations of the principle of constant risk aversion or 

constant risk proneness (Pratt, 1964). In expected utility theory, a decision maker’s attitude towards 

risk is discussed according to the shape (concavity or convexity) of utility functions. However, it 

has been said that attitude towards risk should be evaluated separately from the shape of utility 

functions, because the shape is exclusively related to an attitude towards the decision maker’s own 

wealth (Yaari, 1987). Therefore, it will be rational to consider the above preferences in the context 

of the utility of gambling, i.e., discontinuity is considered to exist between the monotonicity of a 

gamble plus a sure gain and the monotonicity of a sure gain plus a sure gain (Section 3.2).  

When introducing the notion of a risk premium (Pratt, 1964) in the field of the utility of 

gambling, Fishburn (1980) and Schmidt
1
 (1998) noted the deviation of the certainty equivalent of a 

gamble based on their utility of gambling model from its certainty equivalent based on the expected 

utility model. The reason this deviation should be noted is that the utility of gambling model is 

                                                 
1  Diecidue et al. (2004) extended this result from monetary outcomes to general ones. They classified 

utility of gambling models according to the type of their additional terms.  
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expressed as the sum of an expected utility and a term reflecting pleasure or displeasure of 

gambling. In contrast, our approach assumes that the addition of a certain gain has an effect on the 

certainty equivalent of a risky gamble; that is, we consider the effect of adding x to the preference 

for (a, C; 0) to be evaluated by weight. Thus, a weighted additive model is suitable to represent 

certainty equivalents of money gambles: 

          ⊕                                            (1) 

where δ is a weighting function of x and C; δ(x, C) > 1 (< 1) implies an increase (decrease) in the 

value of the risky gamble. This paper axiomatizes the weighted additive model of Eq. (1), with 

regard to financial instruments whose principal sums can be guaranteed.  

 The axiomatization of a weighted additive model in conjoint measurement was developed by 

Fishburn (1975). Under the assumption of bisymmetric structures (Krantz et al., 1971), he presented 

an independence (monotonicity) axiom to construct a weighted additive model. The paper also 

presupposes a structure that guarantees the existence of a certainty equivalent for every money 

gamble. At the same time, the notions of the concatenation of gambles and a conditional certainty 

equivalent are provided. First, a concatenation operation is exclusively used to give every binary 

gamble a segregation expression, (a, C; b) ⊕ x, which is a formal expression for segregation. Also, 

the operation extends the framework of segregation expressions so that the risky part includes the 

concatenations of gambles, e.g., (a, C; b) ⊕( b, C; 0), which are interpreted as composite gambles. 

Second, the notion of a conditional certainty equivalent
2

 is used to guarantee the additive 

decomposition of the certainty equivalent of (a, C; b) ⊕ x, i.e., CE((a, C; b) ⊕ x) = x + CEx(a, C; 

0), where CEx(a, C; 0) means the certainty equivalent of (a, C; 0) dependent on x. Finally, two 

conditions—segregation monotonicity and segregation equivalence—are provided so that we are 

able to arrive at the model of Eq. (1). Both conditions are for limited extended segregation 

expressions whose risk part consists of the concatenations of gambles having the same chance 

event. Segregation monotonicity and segregation equivalence yield the order-preserving and the 

additivity property of CEx, respectively, so that CEx(a, C; 0) can be expressed in multiplicative 

form, δ(x, C)U(a, C; 0). This is basically similar to Fishburn’s (1975) construction method via 

independence. 

The remainder of this paper is organized as follows. Section 2 reviews the positive closed 

extensive structure and its additive representation. Section 3 is divided into two subsections to 

facilitate the axiomatization of the weighted additive model of Eq. (1). In the first subsection, the 

concatenation operation is introduced not only to provide segregation expressions for gambles but 

also to enable their extension. The second subsection presents the above-mentioned two conditions 

and constructs the weighted additive model of Eq. (1). In addition, its application to the above 

decision making problem is exemplified and a brief comment is made on the difference between the 

usual risk premium (Pratt, 1964) and that for our model. Section 4 contains several conclusions. The 

validity of the limitation of segregation equivalence to the special extended segregation expressions 

is discussed in the appendix. 

2. Positive Closed Extensive Structure and Its Representation 

Throughout,   
  denotes the set of all non-negative real numbers. Further, let ≿ be a binary 

relation on a nonempty set D that is interpreted as a preference relation. As usual, ≻ denotes the 

asymmetric part; ∼, the symmetric part; and ≾ and ≺, the reversed relations. The binary relation ≿ 

on D is a weak order if and only if it is connected and transitive. Whenever ≿ is a weak order, then 

                                                 
2  Schmidt (1998, p. 39) also considered a conditional certainty equivalent in the context of expected 

utility. 
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∼ is an equivalence relation. Let ⊕ be a binary operation on D. Let e represent no change in the 

status quo. 

    The following properties apply to all x, y, z ∈ D:  

A1. Weak order: ≿ is a weak order. 

A2. Weak associativity: (x ⊕ y) ⊕ z ∼ x ⊕ (y ⊕ z). 

A3. Monotonicity: x ≿ y ⇔ x ⊕ z ≿ y ⊕ z ⇔ z ⊕ x ≿ z ⊕ y. 

A4. Identity: x ⊕ e ∼ e ⊕ x ∼ x. 

A5. Positivity: x ⊕ y ≻ y unless x ∼ e. 

Note that in the presence of Axioms A1, A3, and A4, A5 is satisfied if and only if x ≻ e. An 

element x of D such that x ≻ e is called positive. 

A6. Solvability (weaker version): Whenever x ≻ y, there exists z ∈ D such that x ≿ y ⊕ z ≻ y. 

Let n be a positive integer, and let nx denote the concatenation of n copies of x. Formally, 

                    ⊕    

A7. Archimedean: For any positive elements x, y ∈ D, there exists a positive integer n such 

that nx ≻ y. 

The system   = 〈D, ≿, ⊕, e〉 is said to be a closed extensive structure with identity e if and 

only if Axioms A1A4, A6, and A7 are satisfied. The structure is called positive if, in addition, it 

satisfies A5. Hereinafter, the trivial case where D has just a single element e will always be 

excluded. 

Remark 1: Under the assumption of Axioms A1A3 and A5, Axiom A7, the Archimedean axiom, 

is not sufficiently strong to guarantee additive representability. To solve the problem, stronger 

versions of A7 (Roberts and Luce, 1968; Candeal et al., 1996) have been proposed. For example, 

Roberts and Luce’s version is: for all x, y, z, z′ ∈ D with x ≻ y, there exists a positive integer n such 

that nx ⊕ z ≻ ny ⊕ z′. Note that in the presence of Axioms A1A3, Axioms A6 and A7 imply this 

stronger Archimedean axiom for a positive system (Roberts and Luce 1968). In addition, it should 

be emphasized that the stronger Archimedean property of Candeal et al. is satisfied in a closed 

extensive structure (Krantz et al., 1971, Lemma 3.1). The stronger Archimedean axioms have the 

advantage of making a solvability axiom such as A6 unnecessary, but experimentally testing their 

validity seems difficult. 

The following representation theorem (Krantz et al., 1971, Theorem 3.1) is obtained for 

positive closed extensive structures.   

Theorem 1:   = 〈D, ≿, ⊕, e〉 is a positive closed extensive structure with identity if and only if 

there exists a function u from D into   
  such that, for all x, y ∈ D, 

(i)  ≿  ⇔             
(ii)    ⊕               

(iii)         

Moreover, this representation is unique up to multiplication by a positive constant. 

An additive representation on   is a real-valued function that satisfies the order-preserving (i) 

and additivity (ii) properties of Theorem 1. A positive closed extensive structure   is continuous if 

and only if ⊕ is continuous as a function of two variables, using the order topology on its range and 

the product order topology on its domain.
3
 Moreover, the continuity of an additive representation u 

                                                 
3 For example, see Kelly (1955) for order topology, relative topology, and product topology. 



ISSNs: 1923-7529; 1923-8401  © 2012 Academic Research Centre of Canada 

~ 68 ~ 
 

is related to the order topology on D and the relative Euclidean topology on u(D). In case ≿ is a 

total order (i.e., an anti-symmetric weak order), Candeal et al. (1996, Theorem 2) showed that if   

is continuous, then the additive representation u on it is continuous. This result is easily extended to 

the weak ordering case, because a weak order on D induces a total order on the set of equivalence 

classes under ∼, D/∼. The continuous u is also unique up to multiplication by a positive constant, 

because it is an additive representation; moreover, multiplication by a constant is a continuous 

function on the set of real numbers with respect to the Euclidean topology. A trivial example of a 

continuous positive closed extensive structure with identity is 〈  
 , ≥, +, 0〉, where u(x) = αx, α > 0.  

3. Certainty Equivalents for Segregation Expressions 

3.1 Binary Segregation 

Let Ω be the set of all states arising from a chance trial, and let X be a set of sure outcomes. Let 

ℇ denote a Borel algebra of subsets (called events) in Ω, i.e., ℇ is closed under complementation and 

countable unions (Xi for i = 1, 2, … ⇒ ⋃iXi ∈ ℇ). A binary gamble is an assignment of a sure 

outcome to each event of a two-event partition of Ω, which is denoted as (x, C; y) (x, y ∈ X, C ∈ ℇ). 

In particular, a binary gamble is said to be risky if x ≠ y and its chance event C is neither Ω nor the 

empty set  . Henceforth, we shall deal exclusively with binary gambles whose outcomes are 

monetary gains; that is, X may be identified with   
 . Therefore, 0 is used (instead of e) to represent 

no change in the status quo. As a special case, a gamble for which the probability of C occurring is 

known is said to be a lottery, which is written as (x, Pr(C); y). Let G be the union of   
  and the set 

of all risky gambles and (0, C; 0) with C ∈        . Let ≿ be a weak order on G such that x ≿ y 

⇔ x ≥ y for all x, y ∈   
 , i.e., the restriction of ≿ to   

  is ≥. The following conditions are assumed 

for any x, y, z ∈   
  and any C, D ∈ ℇ: 

    B1. Certainty: (x, Ω; y) ∼ x. 

    B2. Idempotence: (x, C; x) ∼ x. 

    B3. Complementarity: (x, C; y) ∼ (y, ⇁C; x) where ⇁C is the complement of C. 

    B4. Consequence monotonicity: x ≥ y ⇔ (x, C; z) ≿ (y, C; z). 

    B5. Monotonicity of event inclusion: x > y and C ⊋ D ⇒ (x, C; y) ≻ (x, D; y). 

A binary gamble where one of the outcomes is equal to 0 (e.g., (x, C; 0) where x ≥ 0 and C ∈ ℇ) 

is called unitary. Assume henceforth that P is the set of all unitary gambles, as follows: 

                ∈           

Note here that by B2, (0, C; 0) is identified with 0. In particular, the symbol PC is used to denote a 

subset of P such that the chance events of elements are fixed at an “arbitrary” level C ∈        . 

A “joint receipt” operation (Luce, 2000) is provided to denote the concatenations of gambles. 

That is, g ⊕ h means the simultaneous possession of two elements g, h in G. Concretely, g ⊕ h 

may be interpreted as the composite gamble obtained by playing g and h separately, with the chance 

trials giving rise to g and h being independently run. The following assumption is added to the 

definition: 

 ⊕                      ∈   
    

Therefore, our definition is a restricted version of Luce’s (2000), because he did not always 

acknowledge the assumption. However, this assumption will be intuitively convincing because it 

only asserts that the concurrent possession of amounts of money is equivalent to their sum. Let DG 

(or DP) denote the closure of G (or P) under the operation ⊕. For example, it is valid to interpret DG 
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as the set of all elements of G and entities that are inductively defined from these elements using ⊕ 

finitely many times. Henceforth, suppose that ≿ is a weak order on DG that when restricted to G, 

agrees with the earlier weak order. Further suppose that A4 and A5 are satisfied for DG for which 0 

is an identity. The next property ensures the decomposition of a gamble into a risky part and a sure 

gain. 

 Binary segregation: for all x, y ∈   
  and all C ∈        , 

       ⊕  ∼                              (2) 

Remark 2: In the case of a lottery, Eq. (2) is rewritten as (y, Pr(C); 0) ⊕ x ∼ (y + x, Pr(C); x). 

Recall that every lottery is identified with a random variable. Then the left-hand side of binary 

segregation gives the sum of random variables, while the right-hand side represents its probability 

distribution. Eq. (2) is regarded as an extension of this to the gamble context. 

Axiom B3 implies that every risky gamble can be written in the form (y, C; x) with y > x and 

some C ∈ ℇ up to the equivalence relation ∼. With the help of B4, binary segregation guarantees 

that 

       ∼        ⊕                           (3) 

This is the simplest way to decompose (y, C; x) into a risky part, (a, C; 0), a > 0, and a sure gain, x. 

By means of this decomposition, the set G can be identified with the product     
 . The element 

of     
  corresponding to each gamble is said to be a segregation expression. It is seen from B2 

and Eq. (3) that a sure gain x is identified with (0, C; 0) ⊕ x. The form of certainty equivalents will 

be considered below for segregation expressions. An extended product      
  makes it possible 

to allow for gambles of a new type whose risky part includes the concatenations of risky gambles, 

e.g. (a, C; 0) ⊕ (b, C; 0), a > 0, b > 0. An element of      
  is an extended segregation 

expression. 

It will be helpful to make a brief comment on the contribution of B1B5 to the construction of 

the weighted additive model with certainty equivalent. All conditions except B5 are effective when 

they are combined with binary segregation. Axiom B1 is used to provide the standard weight: δ(x, 

Ω) = 1 for all x ∈   
  (Proposition 2). This tells us whether the decision maker is risk seeking or risk 

averse depending on whether δ(x, C) is greater or less than 1 (Example 1). Axioms B2B4 were 

used to identify G with     
 . Moreover, B5, along with other axioms, is used to prove the 

solvability property, A6, relating to extended segregation expressions in the proof of Proposition 1 

given below. 

3.2 Segregation Structure and Its Certainty Equivalent 

We introduce the concept of certainty equivalent CE(g) (Luce, 1995) as follows. A function CE 

from DG into   
  is supposed to exist such that 

                    ∈   
                      (4) 

 ≿  ⇔                          ∈          (5) 

Since CE(CE(g)) = CE(g) by Eq. (4), it follows from Eq. (5) that CE(g) ∼ g. Let    
 be the 

closure of PC under ⊕. Two conditions are provided for “special” extended segregation 

expressions. Let p, q be arbitrary risky elements in    
.    
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C1. Segregation monotonicity:  

 ≿  ⇔  ⊕  ≿  ⊕               ∈   
   

C2. Segregation equivalence:  

    ⊕        ⊕         ⊕   ⊕                  ∈   
     (6) 

Condition C1 is a form of monotonicity that connects preferences for risky alternatives with 

preferences for the concatenations of the risky alternatives and the common certain gain. This is 

similar to Fishburn’s (1980) axiom A2a, because both assert the invariance of preferences for 

original alternatives under combination with a different sort of alternative. Condition C2 contains 

two concepts. First, the indifference of an extended segregation expression with the concatenation 

of usual segregation expressions requires that their constituent elements, gambles and the sum of 

sure gains, be the same. Second, the addition of x to a composite gamble p ⊕ q has the same effect 

on separate evaluation of p, q as does the addition of x to each gamble p, q. C2 is a condition that 

incorporates these concepts in the form of value equivalence by means of certainty equivalents. In 

addition, the mathematical meaning of C2 is to give a stronger version of the additivity property 

(see Remark 3 below). By substituting x = 0 in Eq. (6), it is seen that CE is an additive function, i.e., 

CE(p ⊕ q) = CE(p) + CE(q).  

Recall that both C1 and C2 are conditions for concatenations within such limited gambles that 

their chance events are fixed at an arbitrary level C. In view of this limitation, the first condition 

seems rational because when a certain gain is added, the value of gambles should change according 

to the prospects of wining the prizes; however, the second condition seems artificial. As a basis of 

providing the limitation for C2, it will be shown that the additivity of CE is easily realized in the 

appendix. 

Suppose now that p ∈ DP with p ≻ (0, C; 0). Then by A5 and Eqs. (4) and (5), CE(p ⊕ x) > x. 

For any p ∈ DP and any x ∈   
 , we can define their image on   

 , CEx(p), as the solution to the 

equation 

    ⊕                                   (7) 

It is seen from A4 and Eq. (5) that CE₀(p) = CE(p) for all p ∈ DP. Therefore, we will write CE 

instead of CE₀. However, if x ≠ 0, then the notation CEx is used to denote a “conditional” certainty 

equivalent in the sense that it comes under the influence of the sure gain x. Indeed, it will be 

expected that the addition of a sure gain has an effect on the value of a risky gamble. In other 

words, it is not always the case that CE(p ⊕ x) = CE(p) + x. 

Remark 3: Using Eq. (7), the condition of Eq. (6) is written as 

     ⊕                                    (8) 

Definition 1: Suppose that B1B5 are satisfied and that A4 and A5 are satisfied for DG for which 0 

is an identity. Suppose that there exists a function CE: DG →  
  satisfying the properties of Eqs. (4) 

and (5). Then the system   = 〈     
 , ≿, ⊕, 0〉 is a segregation structure if and only if binary 

segregation, C1, and C2 are satisfied. 

Proposition 1: Let   = 〈     
 , ≿, ⊕, 0〉 be a segregation structure. Then the system 〈   

, ≿, 

⊕, 0〉 with ⊕ restricted to    
 is a positive closed extensive structure with identity. Moreover, 

given the order topology on    
, CE and ⊕ are continuous.  

Proof: Clearly,    
 is closed with respect to ⊕, and ≿ is a weak order on    

. Since all properties 

except A6 are proven similarly, we show the proofs of only A3 and A6, as typical examples.  
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A3. Let p, q, r ∈    
. Then 

  ≿  ⇔             (Eq. (5)) 

 ⇔                          

 ⇔     ⊕        ⊕    (Eq. (8)) 

 ⇔  ⊕  ≿  ⊕    (Eq. (5)) 

 

A6. Suppose that p ≻ q, so that by Eq. (5), CE(p) > CE(q). Then there exists a > 0 such that 

                      
Set r = (a, C; 0). Since C ⊊ Ω, it follows from B1 and B5 that a ∼ (a, Ω; 0) ≻ r, and so by Eqs. (4) 

and (5), a > CE(r). Meanwhile, since r ≻ (0, C; 0) ∼ 0 by B4 and B2, Eqs. (4) and (5) imply that 

CE(r) > 0. Hence CE(p) > CE(q) + CE(r) > CE(q). From Eqs. (8) and (5) it follows that p ≻ q⊕r ≻ 

q, as required. 

For the continuity of CE, it suffices by Debreu’s open gap lemma (Debreu, 1964; Candeal et 

al., 1996) to show that CE has no gap in its range. Suppose that CE(p) > CE(p′) for p, p′ ∈    
, so 

that p ≻ p′. From B4 and A5 it is seen that    
 has no minimal positive element. So, by A6, we can 

take r ∈ PC such that p ≻ p′ ⊕ r and p′ ≻ r. By A7, there is a largest integer k ∈ ℤ⁺ such that p′ ≿ 

kr. This along with A2 and A3 implies that p′ ⊕ r ≿ (k + 1)r ≻ p′. In view of the inequality p ≻ p′ 

⊕ r and A1, p ≻ (k + 1)r ≻ p′. Therefore, by letting q = (k + 1)r, we have CE(p) > CE(q) > E(p′) for 

some q ∈    
. Finally, the continuity of ⊕ follows from Proposition 1 in Candeal et al. (1996).  ■ 

To summarize, three types of monotonicity conditions are adopted according to the three 

choices of two elements to concatenate. 

1.    ⇔                         ∈   
   

2.  ≿  ⇔  ⊕  ≿  ⊕                    ∈    
. 

3.  ≿  ⇔  ⊕  ≿  ⊕                  ∈    
          ∈   

   

The second type of monotonicity is derived from Proposition 1. Note that the distinction 

between the first and third types of monotonicity gives rise to the invalidity of CE(p ⊕ x) = CE(p) 

+ x. Indeed, even if p ∼ CE(p), the preference for p ⊕ x is subject to the third type of monotonicity, 

and the preference for CE(p) + x, to the first. Hence, there is no guarantee that p ⊕ x ∼ CE(p) + x. 

We obtain the representation theorem of the weighted additive model of Eq. (1). 

Theorem 2: Suppose that   = 〈     
 , ≿, ⊕, 0〉 is a segregation structure. Let p = (a, C; 0), q = 

(b, D; 0) ∈ P. Then there exists a function δ on   
          such that for all p ⊕ x, q ⊕ y ∈ G, 

 ⊕  ≿  ⊕  ⇔                               

Moreover, δ is uniquely determined such that δ(0, C) = 1 for all C ∈        . 

Proof: From Eq. (7), we obtain CE(p ⊕ x) = CEx(p) + x and CE(q ⊕ y) = CEy(q) + y. Hence, by 

Eq. (5), 

 ⊕  ≿  ⊕  ⇔                    

To construct the representation of Theorem 2, it suffices to show that CEx(p) = δ(x, C)CE(p) where 

δ(x, C) is a function of   
  ×        into   

 . Taking an arbitrary element (a′, C; 0) ∈ PC with a′ 

> 0 and C ∈        , we define 

       
     ′     ⊕     

    ′      
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This is rewritten as δC(x) = CEx(a′, C; 0) / CE(a′, C; 0), because CE[(a′,C; 0) ⊕ x] = CEx(a′, C; 0) + 

x by Eq. (7). For this definition to be valid, it must be verified that δC(x) is independent of the 

choice of a′. Let p, p′ ∈    
 and suppose that p ≿ p′. By C1, p ⊕ x ≿ p′ ⊕ x. As initially in this 

proof, we have p ⊕ x ≿ p′ ⊕ x ⇔ CEx(p) + x ≥ CEx(p′) + x, or CEx(p) ≥ CEx(p′). Thus, p ≿ p′ ⇔ 

CEx(p) ≥ CEx(p′). Recall that CEx(p ⊕ p′) = CEx(p) + CEx(p′) (Eq. (8)). These two properties imply 

that CEx is an additive representation on    
. Hence, by the uniqueness part of Theorem 1, there 

exists a positive function δC such that, for all s ∈    
 with s ≻ 0, 

                           
      

     
   

This proves that δC(x) is independent of the choice of a′ in Eq. (9). Similarly,         

           for q ∈ PD. Writing             , we obtain the required representation. It is 

obvious from Eq. (9) that given a fixed CE, δ is uniquely determined and that δ(0, C) = 1 for all C ∈ 

       .  ■ 

Remark 4: Let (a′, C; 0) with a′ > 0 and C ∈         be an arbitrary element of PC. As was 

shown in the proof of Theorem 2, the weight δ is defined by 

         
     ′     ⊕     

    ′      
                           

for all x ∈   
  and all C ∈        . Here, a key role of the proof of Theorem 2 is to verify that the 

right-hand side is independent of the choice of a′ by using Axioms C1 and C2. 

Proposition 2: Assume that Eq. (5) is satisfied also for non-risky gambles having the chance event 

C =  . If δ(x, Ω) is defined by substituting C = Ω in Eq. (10), then δ(x, Ω) = 1 for all x ∈   
 . 

Proof: Using binary segregation, B1, and transitivity of ∼ yields   ′      ⊕  ∼  ′   . Hence, 

by Eqs. (4) and (5), we have      ′      ⊕      ′    . Also, from B1, the assumption, and 

Eqs. (4) and (5) it follows that     ′        ′. Substituting these equalities in Eq. (10) yields 

        .  ■ 

Since         ⊕  ∼     (see the above proof), Proposition 2 implies that the 

representation of Theorem 1 is applicable to the case of gambles with C = Ω. 

Our concern lies in the change in the value of a risky, unitary gamble p when a sure gain x is 

added. The second term of Eq. (1), δ(x, C)CE(p), indicates the value of p affected by the addition of 

x because it is the conditional certainty equivalent CEx(p). The value is evaluated according to 

whether CE(p) is amplified or attenuated by the weight δ(x, C) (see Example 1 below). In addition, 

Proposition 2 and the uniqueness part of Theorem 2 say that if a gamble is non-risky (i.e., C = Ω) or 

a sure gain is nothing (i.e. x = 0), then neither amplification nor attenuation is in effect. 

Example 1: Let ($100, E; $0) be a risky, unitary gamble. For simplicity, assume that E is 

subjectively as likely to occur as not. Then a person may be indifferent between ($100, E; $0) and 

$38, i.e., CE($100, E; $0) = $38 (see the discussion at the bottom of this subsection). Consider the 

situation in which the sure gain $1000 is added to the two alternatives ($100, E; $0) and $38. The 

weight of our model evaluates the incentive of gambling, taking into account the amount of the sure 

gain and the winning prospect for the risky, unitary gamble. One of two types of violations of 

constant risk aversion arises, depending on whether the value of δ($1000, E) is greater or lesser than 1. 

Case 1: δ($1000, E) > 1. It follows that $1000 + δ($1000, E)CE($100, E; $0) > $1000 + $38, and 

hence ($100, E; $0) ⊕ $1000 ≻ $38 + $1000. In this case, the receipt of $1000 increases the value 

of the risky gamble. 
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Case 2: δ($1000, E) < 1. Since $1000 + δ($100, E)CE($100, E; $0) < $1000 + $38, we have ($100, 

E; $0) ⊕ $1000 ≺ $38 + $1000. In this case, the receipt of $1000 decreases the value of the risky 

gamble. 

Before closing this subsection, we consider the feature of our model in the context of expected 

utility theory. Let g = (y, Pr(C); x) be an arbitrary “lottery.” By Eq. (3), g ∼ p ⊕ x where p = (a, 

Pr(C); 0) with y = x + a. As per Pratt (1964), the risk premium is defined by (g) = E(g) − CE(g), 

where E(g) means the expected value of g. Substituting p ⊕ x for g gives, in view of E(p ⊕ x) = 

E(p) + x and Eq. (1), 

   ⊕       ⊕        ⊕                      

Hence, π(p ⊕ x) is not equal to (p) unless δ(x, C) = 1. It is well known from Pratt (1964) and 

Keeney and Raiffa (1976, Theorem 4.15) that constant risk aversion, i.e., (p ⊕ x) = (p) holds if a 

utility function for monetary outcomes is of u(x) = − e
−ax

, a > 0. (Recall that this utility implies risk 

aversion because it is concave.) However, even in this utility function, our model gives rise to 

violations of constant risk aversion. Indeed, in Example 1, the equality CE($100, 1/2; $0) = $38 was 

obtained from the utility function u(x) = −e
−0.01x

. This arises from the difference in understanding of 

attitudes towards risk. In the work of Pratt (1964), the concavity of u(x) is equivalent to the 

condition of risk aversion. In our model, however, the notions of concavity and risk aversion are 

separate from each other. That is, δ(x, C) reflects an attitude towards risk, and CE(p) varies 

depending on the shape (concavity or convexity) of u(x).
4
 

4. Conclusion 

This paper developed a weighted additive model for certainty equivalents of binary gambles. 

Two conditions (segregation monotonicity and segregation equivalence) for extended segregation 

expressions play a key role in expressing conditional certainty equivalents in the multiplicative 

form. In particular, segregation equivalence may be artificial, because it yields the additivity 

property of conditional certainty equivalents. However, the assumption will be novel that the 

addition of a sure gain to a composite gamble behaves for separate evaluation of each risky gamble 

as if the sure gain were added to the gamble. Also, the validity of this assumption can be easily 

checked, because segregation equivalence is expressed as value equivalence through certainty 

equivalents. A topic for future research is the generalization of the additive decomposition (Eq. (7)) 

of certainty equivalents into sure gains and conditional certainty equivalents by more relaxed 

operations than addition. 

Appendices 

Recall that ≿ is a weak order on DG, and hence so is it on    
. Henceforth, suppose that B4 is 

satisfied for PC and that A2A5 are satisfied for    
. In what follows, under these suppositions, it 

will be shown that the additivity property of CE is obtainable from the following simple conditions.  

D1. Order dense:
5
 Whenever p ≻ q for p, q ∈    

, there exists s ∈ PC such that p ≻ s ≻ q. 

D2. Continuity: ⊕ is continuous on    
. 

                                                 
4  Fishburn (1980) and Schmidt (1998) decomposed the risk premium into the sum of the premium for 

risk and another type of premium.  
5  Recall that in the usual definition of order dense (Krantz et al., 1971, p. 40), the conclusion part is 

written as p ≿ s ≿ q. 
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Proposition A.1: Suppose that A5 and B4 are satisfied. Then D1 implies that for any p ∈    
, there 

exists a unique c ∈   
  such that p ∼ (c, C; 0). 

Proof: Since the proposition is trivial for p ∈ PC, we consider the case where p ∉ PC. Let Y = {d ∈ 

  
 | p ≻ (d, C; 0), p ≻ 0}. By D1, Y is not empty. Since p ⊕ q ≻ p whenever q ≻ 0 by A5, Axiom 

D1 implies the existence of    ∈   
  such that p ⊕ q ≻ (  , C; 0) ≻ p, and so by B4,    > d for all d 

∈ Y. Hence, we can set c = sup Y. Suppose that p ≻ (c, C; 0). Then by D1, p ≻ (  , C; 0) ≻ (c, C; 0) 

for some    ∈   
 . Hence by B4,    > c, in contradiction to the definition of sup Y. Supposing that p 

≺ (c, C; 0) leads to a similar contradiction. As such, we obtain p ∼ (c, C; 0), as required.  ■ 

For any p = (a, C; 0), q = (b, C; 0) ∈ PC, Proposition A.1 makes it possible to define the image 

for a and b, a ∘b, as the solution to 

       ⊕        ∼   ∘                           (11) 

Under the presence of A2A5, and B4, it can be shown from Aczél (1966, p. 256) that if D1 and D2 

are satisfied for    
, then there exists a continuous and strictly monotone increasing function 

    
    

  that is unique up to multiplication by a positive constant such that 

            ∘                                                                       

We now assume that   is an identity mapping if C = Ω, and define  

                     ∼          

By means of the assumption and definition, B4, and the fact that   is a strictly monotone increasing 

function, it is seen that F satisfies the conditions of Eqs. (4) and (5). Further from Eqs. (11) and (12) 

and the definition, it follows that  

         ⊕                                       

These results imply that F can be identified with CE having the additivity property.  

Finally, we introduce useful families of   proposed in the fuzzy theory (Dubois and Prade, 

1982). 

Example A.1: The domain of   is assumed to be restricted to the bounded interval [0, 1], which 

means that no gambles exist that offer prizes exceeding some predetermined large number. Let a, b 

∈ [0, 1]. 

(i) Let λ > −1 and assume that 

      
       

  
 

 
            ≠   

  

(Note here that             .) Then in the case of  ≠  ,  

          ⊕          
 

 
                                            

The parameter   depends on C. 

(ii) Let  (a) = a
p
 for p > 0. Then 

          ⊕                                                

The parameter p depends on C. 
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